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AXTSYMMETRIC BENDING OF A HEATED CIRCULAR PLATE ON AN ELASTIC BASE
WITH ACCOUNT OF ITS DEFORMABILITY OVER ITS THICKNESS

M. D, Martynenko and E, A. Svirskii UDC 539.3

The axisymmetric problem is solved for the bending of a circular plate on a
heated half-space under the action of a distributed load and a temperature
field.

One of the founders of the theory of bending of beams and plates on an elastic base is

Proktor [1, 2], who, in 1919, formulated a computational process for the reduction of the
problem of bending of a narrow beam on a half-space to the solution of an integrodifferential
equation taking account of the elastic deformations of contiguous bodies. Because the series
of solutions that he obtained proved to be weakly convergent [2], another variant of this
method was formulated, based on integral account of the crumpling of a beam over its thick-
ness [3, 4]. As was shown by these calculations, taking account of the crumpling of a beam
over thickness leads to a considerable redistribution of the reaction pressure under the base
of the beam. Below, we give a further development of Proktor's method applied to circular
plates resting on an elastic half-space.

1. We consider a circular plate of radius a, on the bounding planes of which the ex-

ternal loads and temperature are constant:

0,=—¢q, T=T,=rconst for z=—n,

1)

0,=—p, T=T,=const for z=1.
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We assume that the temperature variles linearly over the thickness of the plate and is inde-
pendent of the radial coordinate. To determine the value for the crumpling of a circular
plate we must find the normal displacement up. On the basis of Hocke's law, taking account
of the temperature distribution and the Cauchy equilibrium equatiomns, in a cylindrical co-
ordinate system for the case of axlal symmetry, we have the following system of equations
for the components of the displacement vector:

(2 R R R L @)
r? orlr or 0z | ar
B B . (3)
8z { r Or 0z 0z
We seek a particular solution of Egs. (2) and (3) in the form
V oY ov
ur_ LT = . 4
or e 0z *)
Substituting (4) inte (2) and (3), we obtain
1 oY d ,
Y O 20) AW — (3h 4 2w) oT] =0, (5)
r* or or
_.g_.[(x+2u)ﬂﬂ(3x+2p)an -0 (6)
4

A solution of Egs. (5) and (6) satisfying conditions (1) is the function

3h 4+ 2u f 1 ) (7)
Ve Oz - —2 00 g (A2 — B3,
e S\
where
Ae e () + (T T
Sa @t og T 5T,
I 1
Be oo (T
%% (3h + 20 f (h—q + o (Ty — To).

Convergence of the bounding planes (crumpling) of the plate equals

(I—2v)(1+v)h 14w N

E(l—v) (0 + 9 l_v“h(Tz = Ty). (8)
2. We consider the bending of a freely supported circular heated plate on an elastic

base. As usual, we assume that the temperature over the thickness of the plate varies ac-

cording to a linear law. Then the thermal stresses in the plate equal zero [5]; therefore,

the normal deflection of the middle plane of the plate w(r) for an axisymmetric load is de-

termined from the equation

Wer = le(—- h) — Uy (h) =

D& |1 dy
(dﬁ %T?) A | ®)

Using the Green's function for the auxiliary boundary-value problem of [6], from (9) we obtain

at

1

@ L; .YG(” Hlg@)—p@lidt + Cy + Cyr2, (10)
0
where
G, e LR —p, <t

4 S((tz +Anr 4 1—r2 t<r.

The arbitrary constants Co and C; are determined from the conditions satisfied by the free
edge [7]:
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1 1
(mmwzgmww
8 8
: 16ER 1 (11)

*p{t) dt = (s
§p0 Iyl RUICES

3. We assume that on the boundary of the half-space z > 0 iIn an arbitrary region D we
are given a normal load p(x, y) and temperature T;(x, y); outside the region D, the temperature
and load are absent. Then the temperature distribution T(x, y, z) in the half-space is given

by

T{x, ¢ Ty (o, p)dodp
’ 2‘” S‘ l/z'(—xja)ﬂ (g =B + 2P

The stresses and displacements corresponding to the temperature field of the half-space are
expressed in terms of the thermoelastic potential of the displacements ¢(z, y, z), which has
the form [8]%

@(}C, Y, 2} =

Bo [y, YE—a Ptz —z 4 dodp —
4qt ‘ % " Vix—a) + (4 —p)° sl Pk

[

(12)

_ Bez S 5‘ Ty (o, B)dadp
N e
where

1
50=_+V_

.
l—w

Thus, the distribution of the normal stresses o, in the region D taking the temperature into
account 1s determined by the equation

Ea,
2(1—w)

4., The sag (normal displacement) of the boundary points of the half-space in the case
under consideration can be represented in the following way:

— 0, =p(x, y)— Ty(x, y).

r

4(1—_v0) [ E? _ p(tdgdt S i? o (t) tdedt ]__

Wy (r) =
ot Vr-—tmmw f2—r*sin® o
¥
aa 2 (13)
0(14_v0)a0 {r (‘ | Ty(f)idedt g § _ Ty(t)tdedt J
} TR fsintg P TR _rsin g [0

The normal displacement of the points of the middle surface of a plate on an elastic base
under the action of an axisymmetric load q(r) can be represented in the form
1
m':m’o+-5—w (14)

L

Ccr’

where we is the displacement of the lower surface of the plate, equal to the sag of the bound-
ary points of the half-space (13); wer is the approach of the two bounding surfaces (crumpling)
of the plate (8). Equating the right gides of (10) and (14), we obtain the following integral
equation of the second kind for the determination of the unknown reaction pressure:

*There is an error in the article [8],
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Fig, 1. Distribution of the reaction pres-
sure under a plate loaded by an external
load for q(r) =1 (a) and g(x) = 2 — 1 (b):
1) reaction pressure with account of crump-
ling of the plate without temperature; 2)

the same, with account of crumpling of a
heated plate; 3) the same, neglecting crump-
ling and temperature.

a
P |
1
ep(r)+ [ Kie, (@)t =f (), (15)
0
where
T
ﬁg<_——£$———+¢Kﬂ+iﬂmr+l—4% t<r,
V r*—tsin® g
K, =] "
= (16
5[ A et ymtL1—pl, <t
S ViE—rtsinte
L o
1
2(1—Vv)E o
oy = — e+ 41 { 00 D1t 4~ Cot G
0
r T, (t) tdedt T, (2) tdedt: ] 0 n
{S‘ g t251n2 +SS V fSlnz +81-——-2V(1+ 2)7
_h _ BE(1—w){1 —wy) _3(l—wyat _ 4E(l—v)(1+v0)a0. 17
= P= aE,(1—2v)(1+v) v 4(1 —2v)h3’ L (1 —2v) (1 +v) a7
Since T,(r) = const, for the function f(r) we have
]
' 2(1—v)E ,
= — 4 Cy 4 Cyr®)—
F() = —eq(r)+ vSG(r, ()t~ (Cock Cor)
0
nﬂj.VI—»rmnw wpfs oE (T, + Ty (18)
v
0
We will seek a solution of Eq. (15) by using the approximation
N
p(r) = dus (), (19)
k=1

where ¢r(r) are 8~like functions with compact carrier in the neighborhood of the point ry.

738



Substituting (19) inte (15) and (11), and using the method of collocation, we obtain a
system of N + 2 algebraic equations with N + 2 unknowns dj (k = 1, N), Co, and C,. For con-
struction of a program we take single functions as the @x(r). InFig. 1 we show graphs of the
behavior of the reaction pressure under the base of a circular plate, for an external load
q(r) = 1 (see Fig. la) and q(r) = 2 — r (see Fig. 1b). All the calculations were carried out
for the following values of the parameters appearing in Eq. (15):

E = E, = 2000 kG/mm’; v = 0.17; v, = 0.2; h=0.2m; a = Im;
T, =T,=100% @ = 1-10-5, a4 = 5-10-5.

The numerical calculations show that taking account of the deformability of the plate
over the thickness leads to stable numerical algorithms, and also to the redistribution of
the reaction pressure in comparison with the classical results for the bending of a circular
plate. Then the parameter £ in Eq. (15) can be considered a regularizing parameter in the
solution of an integral equation of the first kind, corresponding to the problem of thermo-
elastic bending of a circular plate on an elastic base in the classical formulation. The
calculations that were given above enable us to give a concrete sense to it.

NOTATION

oz, component of the stress tensor; q, external load; p, reaction pressure; T,;, Tz, tem-—
peratures of the upper and lower planes of the plate; 2h, height of the plate; 2a, diameter
of the plate; uy, uz, components of the displacement vector in cylindrical coordinates; A,
Laplace operator in cylindrical coordinates; ¥, thermoelastic potentialy «, a,, coefficients
of linear expansion of the plate and the base; A, u, Lamé coefficients; E, Young's modulus;
v, Poisson ratio; wer, crumpling of the plate; w, middle surface of the plate; we, sag of the
boundary points of the half-space; ¢, thermoelastic potential.
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